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If we have a differential Laplace operator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {L}}$$\end{document}$ with discrete spectrum, we can define its spectral zeta function as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \zeta _{{\mathcal {L}}}(s)=\text {Tr}\left\{ \frac{1}{{\mathcal {L}}^s}\right\} =\sum _n \frac{1}{\lambda _n^s}, \end{aligned}$$\end{document}$$where the zero eigenvalue is excluded and eigenvalues are added according to their multiplicities. Equivalently, if we have the heat kernel trace $\documentclass[12pt]{minimal}
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                \begin{document}$$K(t)=\sum _n e^{-\lambda _n t}$$\end{document}$, we can define the spectral zeta function as the Mellin transform of the heat kernel trace minus one to remove the eigenvalue zero, namely:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \zeta _{{\mathcal {L}}}(s)=\frac{1}{\varGamma (s)}\int _0^{\infty } (K(t)-1) t^{s-1} \hbox {d}t. \end{aligned}$$\end{document}$$Now we can write formally$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \det {\mathcal {L}}=\prod _{i=1}^{\infty } \lambda _i \end{aligned}$$\end{document}$$to be the product of its nonzero eigenvalues, and we make the convention for the rest of this paper that the zero eigenvalue will always be excluded from any determinant. Of course, in the cases that we will consider the eigenvalues diverge to infinity, so this product exists only in a formal sense. We are interested, however, in assigning some meaning to it, which we can do by the following formal observations$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \zeta _{{\mathcal {L}}}'(s)=\left( \sum _{k=1}^{\infty } \frac{1}{\lambda _i^s}\right) '=- \sum _{k=1}^{\infty } \frac{1}{\lambda _i^s} \log {\lambda _i}. \end{aligned}$$\end{document}$$Evaluating at $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \zeta '_{{\mathcal {L}}}(0)=-\sum _{k=1}^{\infty } \log {\lambda _i}=\log {\prod _{i=1}^{\infty } \lambda _i}=-\log {\det {\mathcal {L}}}, \end{aligned}$$\end{document}$$so we can define the determinant of the operator $\documentclass[12pt]{minimal}
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                \begin{document}$$\det {\mathcal {L}}=e^{-\zeta '_{{\mathcal {L}}}(0)}$$\end{document}$.

The spectrum of the Laplace operator on fractals has been the focus of considerable work, see e.g., \[[@CR9], [@CR10], [@CR19], [@CR22], [@CR29], [@CR30], [@CR32], [@CR33], [@CR35]\]. Given a post-critically finite (p.c.f.) self-similar set (see \[[@CR21]\] for the definition of p.c.f.), one can compute its spectral dimension $\documentclass[12pt]{minimal}
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                \begin{document}$$d_\mathrm{w}$$\end{document}$, and these dimensions are connected via the Einstein relation $\documentclass[12pt]{minimal}
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                \begin{document}$$d_\mathrm{f}$$\end{document}$ is the Hausdorff dimension. In \[[@CR12], [@CR31], [@CR37], [@CR38]\], the spectral zeta functions have been studied, and while they are defined initially only for $\documentclass[12pt]{minimal}
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                \begin{document}$$s>\frac{d_\mathrm{s}}{2}$$\end{document}$, they are shown to meromorphically extend to the entire complex plane. Their poles, also called *complex dimensions* \[[@CR24]\], are studied in \[[@CR31]\] and it is proven that for a large class of p.c.f. fractals with symmetries, that the poles can only be on the imaginary axis or on the axis where $\documentclass[12pt]{minimal}
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Our long-term motivation comes from quantum physics, in particular such recent papers as \[[@CR1]--[@CR5], [@CR14], [@CR15], [@CR25], [@CR28], [@CR36]\] and more classical works \[[@CR16], [@CR17], [@CR20], [@CR23]\]. Our immediate mathematical motivation is twofold. On the one hand, it comes from the following statement found in \[[@CR12]\] and \[[@CR13]\]:

"If there were no poles on the imaginary axis, then $\documentclass[12pt]{minimal}
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                \begin{document}$$e^{-\zeta '_{\varDelta }(0)}$$\end{document}$ would be the regularized product of eigenvalues or the Fredholm determinant of $\documentclass[12pt]{minimal}
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On the other hand, in \[[@CR11]\] a connection between the determinant of the discrete Laplacians and the regularized determinant has been made in the setting of the discrete Euclidean torus. Specifically, let $\documentclass[12pt]{minimal}
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                \begin{document}$$u \rightarrow \infty $$\end{document}$. One then defines the *d*-dimensional discrete torus as the product space$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} DT_{N(u)}=\prod _{i=1}^d n_j(u){\mathbb {Z}} / {\mathbb {Z}}. \end{aligned}$$\end{document}$$If *A* is the diagonal matrix with entries $\documentclass[12pt]{minimal}
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                \begin{document}$$V(a)=a_1\cdots a_d$$\end{document}$, the authors of \[[@CR11]\] established the formula$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \log {\det \varDelta _{DT_{N(u)}}}=V(N(u)) {\mathcal {I}}_d(0)+\log {u^2}+\log {\det \varDelta _{RT,A}}+o(1) \text { as } u\rightarrow \infty , \end{aligned}$$\end{document}$$where *RT*, *A* is the real torus $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {I}}$$\end{document}$ is a specific special function. A variation of this result was also studied in \[[@CR40]\].

The goal of this paper is to give examples of fractals whose spectral zeta functions have no poles on the imaginary axis, which then allows us to define the corresponding Laplacian determinant, interpreted as the regularized product of the Laplace eigenvalues. This result can be stated as a regularized limit and has been proven again with a different methodology in \[[@CR40]\]. More specifically, if $\documentclass[12pt]{minimal}
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                \begin{document}$$f \in C^{\infty }({\mathbb {R}}^{+},{\mathbb {C}})$$\end{document}$ and is of the form$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} f(x)=\sum _{j=1}^{N-1}\sum _{k=0}^{M_j} a_{jk} x^{a_j}\log ^k{x}+\sum _{k=0}^{M_0}a_{0k} \log ^k{x}+o\left( x^{a_N}\log ^{M_N}{x}\right) \end{aligned}$$\end{document}$$for some $\documentclass[12pt]{minimal}
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                \begin{document}$${Re}(a_N)<0$$\end{document}$ then we define the regularized limit of *f* as $\documentclass[12pt]{minimal}
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                \begin{document}$$\widetilde{\lim _{x \rightarrow \infty }} f(x)=a_{00}.$$\end{document}$ Then as in \[[@CR40]\] we can restate the above result as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \widetilde{\lim _{n \rightarrow \infty }} \log \det \varDelta _n=\log \det \varDelta . \end{aligned}$$\end{document}$$Motivated by the above-mentioned connection between a classical determinant and a zeta regularized determinant, we investigate a similar relation on some fractal examples. In this paper, we study three concrete examples: the diamond fractal, the $\documentclass[12pt]{minimal}
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                \begin{document}$$SG^N)$$\end{document}$, and the double *pq*-model on the unit interval. All three examples satisfy spectral decimation, which leads to closed-form expressions for the spectral zeta functions and the Laplacian determinants. However, only for the double Sierpiński gaskets and the double *pq*-model do we have exact analogs of ([1.1](#Equ1){ref-type=""}). Details will be described in subsequent sections, after a review of basic notions from analysis on fractals and graph theory.

Notions of analysis on fractals and graph theory {#Sec2}
================================================

The fractals we will study are self-similar sets defined in the following way. Given a compact connected metric space (*X*, *d*), and injective contractions $\documentclass[12pt]{minimal}
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Spectral decimation and zeta functions {#Sec3}
--------------------------------------

The Laplace operator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {L}}$$\end{document}$ with Neumann or Dirichlet conditions is a nonnegative self-adjoint operator with compact resolvent. Its spectrum consists of discrete eigenvalues such that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} 0 \leqslant \lambda _1 < \lambda _2 \leqslant \lambda _3 \leqslant \cdots \end{aligned}$$\end{document}$$with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda _n \rightarrow \infty $$\end{document}$, and thus, we can define its spectral zeta function as in the introduction. The key technique to studying the spectrum of the Laplacian on fractals is spectral decimation. Essentially, spectral decimation allows us to recursively obtain the eigenvalues of a given graph level approximation from knowledge of the previous graph approximation. In the end, taking a limit gives us the spectrum of the Laplace operator on the self-similar set. More rigorously, we say that we have spectral decimation if all eigenvalues of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {L}}$$\end{document}$ are of the form$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} - \lambda ^m \lim _{n\rightarrow \infty } \lambda ^n R^{(-n)}(w) \end{aligned}$$\end{document}$$for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w \in A$$\end{document}$, where *A* is a finite set and *R* is a rational function. For the limit to exist the elements of the preimages $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R^{-(n)}(w)$$\end{document}$ must be chosen appropriately. The value *m* stands for the so-called generation of birth of the eigenvalue *w* and is independent of *n*; more information may be found at \[[@CR12], [@CR19], [@CR34], [@CR38]\]. In many cases, this rational function turns out to be a polynomial. The quantity $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda $$\end{document}$ is also known as the time scaling factor.

Now, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R(z)=a_dx^d+\dots +\lambda x$$\end{document}$ be a polynomial with real coefficients and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d\ge 2$$\end{document}$ which satisfies $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R(0)=0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R'(0)= \lambda > 1$$\end{document}$. We denote as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varPhi $$\end{document}$ the entire function which is a solution of the functional equation$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \varPhi (\lambda z)=R(\varPhi (z)) \text { with } \varPhi (0)=0, \varPhi ' (0)=1. \end{aligned}$$\end{document}$$We also define the so-called polynomial zeta functions$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \zeta _{\varPhi ,w}(s)= \sum \limits _{\begin{array}{c} \varPhi (-\mu )=w \\ \mu >0 \end{array}} \mu ^{-s} \end{aligned}$$\end{document}$$or equivalently as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \zeta _{\varPhi ,w}(s)= \lim _{n \rightarrow \infty } \sum _{z \in R^{-n}(w)} (\lambda ^n z)^{-s}. \end{aligned}$$\end{document}$$These zeta functions have been studied in \[[@CR12], [@CR38]\] and were used in the meromorphic extension of the spectral zeta functions. We know the following facts about them. For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w<0$$\end{document}$, we have that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \zeta _{\varPhi ,w}(0)=0 \quad \text { and } \quad \zeta '_{\varPhi ,w}(0)=\frac{\log {a_d}}{d-1}+\log {(-w)} \end{aligned}$$\end{document}$$and for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$w=0$$\end{document}$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \zeta _{\varPhi ,0}(0)=1 \quad \text { and } \quad \zeta '_{\varPhi ,0}(0)=\frac{\log {a_d}}{d-1}. \end{aligned}$$\end{document}$$Moreover, they can be meromorphically extended to the entire complex plane and have no poles on the imaginary axis. More specifically, all the poles are simple and are located on the imaginary line where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${Re}(s)=\frac{\log {d}}{\log {\lambda }}$$\end{document}$. For further information we refer the reader to \[[@CR12], [@CR38]\].

Counting spanning trees in fractal graphs {#Sec4}
-----------------------------------------

In the graph theoretic setting, the determinant of the discrete Laplacian is widely studied, as it is related to the enumeration of spanning trees via Kirchhoff's Matrix-Tree theorem. To be concrete, we define the *combinatorial graph Laplacian* of a graph $\documentclass[12pt]{minimal}
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For fractal graphs admitting spectral decimation, the determinant of the graph Laplacians, as well as the asymptotic complexity constant, has been evaluated in \[[@CR6]\]. The key insight is that one can split the eigenvalues into two disjoint finite sets *A* and *B*. If the rational function associated with spectral decimation is of the form $\documentclass[12pt]{minimal}
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Zeta function of the diamond fractal {#Sec5}
====================================

The diamond fractal has been recently studied due to its connections related to physics. In this section, we show that it is a fractal with spectral zeta function such that it has no poles on the imaginary axis. Moreover, we establish a connection between the discrete and continuous determinants of the Laplacian bearing some resemblance to \[[@CR11]\]. We depict the diamond fractal and its first graph approximation in (Fig. [1](#Fig1){ref-type="fig"}).Fig. 1Diamond fractal and its $\documentclass[12pt]{minimal}
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Proposition 3.1 {#FPar1}
---------------

The spectral zeta function of the diamond fractal factorizes as follows$$\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \det {\mathcal {L}}=2^{-\frac{10}{9}} \end{aligned}$$\end{document}$$

Proof {#FPar2}
-----

For the diamond fractal spectral decimation has been done in \[[@CR7]\] and it was obtained that$$\documentclass[12pt]{minimal}
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Remark 3.1 {#FPar3}
----------

At first glance, the complex dimensions would be located at the positions such that $\documentclass[12pt]{minimal}
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Remark 3.2 {#FPar4}
----------
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For the diamond fractal, it has been calculated in \[[@CR6]\] that$$\documentclass[12pt]{minimal}
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There is also a quantum graph interpretation of the diamond fractal with spectral zeta function$$\documentclass[12pt]{minimal}
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Zeta function of double Sierpiński gaskets {#Sec6}
==========================================

The spectral zeta functions for Dirichlet and Neumann boundary conditions for the standard self-similar Laplacian on the standard two-dimensional Sierpiński gasket have been calculated in \[[@CR12], [@CR38]\] as follows:$$\documentclass[12pt]{minimal}
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In \[[@CR32]\] the double Sierpiński gasket was defined. Essentially, it is the fractal created by taking two copies of the regular Sierpiński gasket and gluing them at the boundary. Then it becomes a fractal without boundary and its graph approximations are 4-regular graphs (Fig. [2](#Fig2){ref-type="fig"}).Fig. 2Approximating graph $\documentclass[12pt]{minimal}
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We can also consider higher-dimensional analogues of the Sierpiński gasket. Denote $\documentclass[12pt]{minimal}
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                \begin{document}$$N-1$$\end{document}$-dimensional Sierpiński gaskets as in \[[@CR19]\]. The time scaling factor is then $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda =N+2$$\end{document}$. The Dirichlet spectral zeta function is evaluated in \[[@CR12]\]$$\documentclass[12pt]{minimal}
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                \begin{document}$$SG^N$$\end{document}$ and gluing them together at the respective boundary points, making the appropriate *N* identifications. Then it becomes a fractal without boundary and the spectrum of the Laplace operator is the union of the Dirichlet and Neumann spectra with added multiplicities.

Proposition 4.1 {#FPar5}
---------------

The spectral zeta function of the double $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \det {\mathcal {L}}=\frac{(N+2)^{\frac{N-2}{N-1}}}{2N^{\frac{1}{N-1}}}. \end{aligned}$$\end{document}$$

Proof {#FPar6}
-----

The spectral zeta function for the double $\documentclass[12pt]{minimal}
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                \begin{document}$$\zeta _{\varPhi ,-(N+2)}(s)=(\lambda ^s-1)\zeta _{\varPhi ,0}(s)$$\end{document}$ we see that we don't have any poles on the imaginary axis which allows us to have the interpretation of a regularized determinant. By differentiating the formula above and taking into account that the spectral decimation function is $\documentclass[12pt]{minimal}
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Remark 4.1 {#FPar7}
----------

As in the case of the diamond fractal, the zeros of the geometric part cancel all the poles of the polynomial zeta functions, and the only poles that remain are at $\documentclass[12pt]{minimal}
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We establish now a result analogous to \[[@CR11]\].

Corollary 4.1 {#FPar8}
-------------

For the discrete combinatorial graph Laplacian determinant of the double $\documentclass[12pt]{minimal}
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Proof {#FPar9}
-----

By using ([2.1](#Equ2){ref-type=""}), the fact that the spectrum is the union of the Dirichlet and Neumann spectra with added multiplicities and the eigenvalue multiplicities computed at \[[@CR19], [@CR29]\] we can evaluate that$$\documentclass[12pt]{minimal}
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Remark 4.2 {#FPar10}
----------

By this formula, we can see the connection between different "discrete and continuous" determinants. In fact, the asymptotic complexity constant can also be interpreted as a determinant, namely a Fuglede--Kadison determinant. We refer the reader to \[[@CR18], [@CR26]\] for more details. We then have a connection between "discrete and continuous" determinants of the form$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \log {\det \varDelta _n}=\log {\text {Det}\varDelta }\,|V_n|+n\log {(N+2)}- \log {\det {\mathcal {L}}}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\text {Det}\varDelta $$\end{document}$ is the Fuglede--Kadison determinant.

Remark 4.3 {#FPar11}
----------

By using Kirchhoff's Matrix-Tree theorem and the above calculations, we can also calculate the number of spanning trees for the single $\documentclass[12pt]{minimal}
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                \begin{document}$$N-1$$\end{document}$-dimensional Sierpiński gasket confirming the formula conjectured in \[[@CR8]\] and first proven via a different methodology in \[[@CR39]\]. The asymptotic complexity constant for the single and double pre-fractal Sierpiński graphs are the same.

Zeta function of the double pq-model on the unit interval {#Sec7}
=========================================================

In \[[@CR34]\], the unit interval can be realized as a p.c.f. self-similar set with two contractions. Then the standard self-similar measure is the Lebesgue measure and the fractal Laplacian coincides with the standard $\documentclass[12pt]{minimal}
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Spectral decimation has been carried in \[[@CR38]\] for the Neumann case with rational function $\documentclass[12pt]{minimal}
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Proposition 5.1 {#FPar12}
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This calculation for the spectral zeta function was omitted in \[[@CR38]\]. We clarify it here and also fix a typo in the formula. Both eigenvalues $\documentclass[12pt]{minimal}
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Proposition 5.2 {#FPar13}
---------------
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Before we give this proof, we must calculate the Dirichlet spectrum for the single *pq*-model. By solving the Dirichlet eigenvalue equation on the first level, we see that the eigenvalues are $\documentclass[12pt]{minimal}
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Thus while for the Neumann spectrum we have that $\documentclass[12pt]{minimal}
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Proof {#FPar14}
-----

As in the case of the double Siepriński gasket, it suffices to add the spectral zeta functions of the Neumann and Dirichlet spectrum. Every eigenvalue has multiplicity one and from the calculations above we have that the Dirichlet spectral zeta function is$$\documentclass[12pt]{minimal}
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Remark 5.1 {#FPar15}
----------

The location of the poles must necessarily coincide with the location of the poles of the polynomial zeta functions and are thus at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${Re}(s)=\frac{\log {3}}{\log {\lambda }}$$\end{document}$.

Then as in \[[@CR11]\] we establish that the logarithm of the regularized determinant appears as a constant in the logarithm of the determinant of the discrete graph Laplacians.

Corollary 5.1 {#FPar16}
-------------

For the double *pq*-model, we have that$$\documentclass[12pt]{minimal}
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Proof {#FPar17}
-----
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A correction to this article is available online at <https://doi.org/10.1007/s11005-018-1081-0>.

**Change history**

4/4/2018

We provide a correction of some formulas.

We thank Professors Robert S. Strichartz, Gerald Dunne and Peter Grabner for helpful discussions and Anders Karlsson for suggesting the problem. The last-named author would also like to thank the Mathematics Department at the University of Connecticut for the hospitality during his research stay. Research of the first named author is supported by the Simons Foundation (via a Collaboration Grant for Mathematicians \#523544). Research of the second-named author is supported in part by NSF Grant DMS-1613025.
